Introduction
Paternity analyses using molecular markers has enabled ecologists to better understand wide-ranging issues such as male mating success (Milligan & McMurry 1993; Nielsen et al . 2001) , reproductive tactics (Rico et al . 1992; Neff 2001) , reproductive skew (Nonacs 2000; Reeve et al . 2000) , and population gene flow (Devlin & Ellstrand 1990; Konuma et al . 2000; Gonzalez Martinez et al . 2002) . Paternity within colonies of social insects determines directly values of genetic relatedness among nestmates, which, in turn, influences a host of social interactions that are pertinent to their evolution and ecological success, such as optimal sex ratios (Trivers & Hare 1976; Queller 1993) , division of labour (Beshers & Fewell 2001) , worker policing (Ratnieks & Visscher 1989; Ratnieks & Reeve 1992; Oldroyd 1999) , and kin selection (Hamilton 1964; West-Eberhard 1975; Queller & Strassmann 1998) . Although polyandry is relatively widespread across social insect taxa (Crozier & Pamilo 1996) , polyandrous queens in most social insect species have low mating numbers (Strassmann 2001) and thus the distinction in paternity frequency is often between one vs. two fathers (Pedersen & Boomsma 1999) . Extremely high mating frequencies are only commonly observed in highly eusocial taxa such as fungus-growing ants ( Acromyrmex and Atta ), honeybees ( Apis ), and yellow jackets ( Vespula ) (reviewed by Strassmann 2001) .
When a female reproductive, or queen, mates with more than one male, her worker offspring are diverse genotypically. Thus her colony consists of genetically distinct subfamilies, the workers in each being sired from her respective mates, which can be detected using molecular markers. Several statistical techniques (e.g. Queller & Goodnight 1989) can be used to calculate the average colony genetic relatedness directly from such data, but understanding relatedness alone provides little insight into the actual number of fathers or the skews in their paternity. Therefore, a common practice for researchers has been to estimate directly the number of mates of a social insect queen, the 'paternity number' (e.g. Estoup et al . 1994; Estoup et al . 1995; Boomsma & Van der Have 1998; Peters et al . 1999) .
There are many measures of the number of mates in social insects, two of which are of particular interest in empirical studies (Boomsma & Ratnieks 1996) . First, the 'actual paternity number' of a queen is the total number of males that sire her offspring ( k ). This measure is obviously important to better understand issues such as queen mating behaviour, male mating success, and reproductive systems. Second, the 'effective paternity number' of a queen ( k e ) is her mating number if all males are represented equally within her offspring, and thus is a function of the number of different mates and their relative contributions within a queen's brood. A mathematical definition of effective paternity number is (Starr 1984) ( 1) where p i is the proportion of offspring sired by male i . Effective paternity number is important to determine the identity by descent of workers; that is, the probability of sampling, at random, two individuals from a colony and having them share the same father. Identity by descent and differing degrees of relatedness have implications toward numerous nestmate interactions and the evolution of sociality by kin selection (Crozier & Pamilo 1996; Crozier et al . 1997; Ross 2001) .
The definition of k e in Equation 1 is similar to the definitions in the population genetic literature of the effective number of alleles proposed originally by Kimura & Crow (1964) , with p i now representing the frequency in the population of allele i . The effective number of alleles is often used as a measure of genetic diversity (e.g. Kuser et al . 1997; Lin & Cheng 1997; Schierup 1998) . The problem of estimating effective paternity number and the effective number of alleles is mathematically identical, and we will therefore treat these two problems as a common problem of estimating the number of types (alleles or paternity number).
Our purpose here is to explore different statistical methods that have been used to estimate the number of types. Furthermore, we derive a bias correction to the most commonly used estimator of the effective number of types, which greatly improves its statistical properties.
Estimators of actual paternity number
Estimating the number of discrete 'types' or 'classes' in a population from a finite sample is a well known statistical problem, known as 'the number of species problem' (reviewed by Bunge & Fitzpatrick 1993) . One common approach, often used in studies of social insects, is to obtain an estimate of k ( K m ), by solving the following equation iteratively (2) (Cornuet & Aries 1980; Oldroyd et al . 1997) , where n is the number of samples and k 0 is the observed number of different types within the sample. This is a method of moments estimate of k based on the statistic k 0 , assuming multinomial sampling from an infinite population and equal contribution of all types (i.e. p i = 1/ k for all i ).
Many other estimators of the number of species (types) have been presented in the statistical literature, and we will just mention a few of the more promising estimators here. The maximum likelihood estimator assuming equal contribution of all types, K mle , is approximately found as the solution to (Good 1950) (3) for which the variance is approximately (Lewontin & Prout 1956) (4) K cov (Good & Toulmin 1956; Darroch & Ratcliff 1980 ) is defined as (5) where û GOOD is an estimator of the coverage defined by û GOOD = 1 − ( c 1 / n ) and c 1 is the number of types represented by a single individual (i.e. the number of singletons in the sample). Like K m , these estimators are based on the assumption of equal frequency of all types. If this assumption is not met, k will tend to be underestimated.
Many other estimators of the number of species have been proposed including the nonparametric approaches by Chao (1984) and Chao & Lee (1992) , which might perform better when all types do not contribute equally, and a number of Bayesian and empirical Bayes methods (e.g. Lewins & Joanes 1984; Leite et al . 2000) . However, we do not consider them here.
Estimators of effective number of types
A naïve estimator of the effective number of types might be
where is the observed sample frequency of type i (i.e. π i = x i / n ), and where x i is the observed number of type i in the sample. Because x i is binomially distributed with parameters n and 1/ k , we have (7) so (8) This suggests using the following estimator proposed by Pamilo (1993) : (9) This is not an unbiased estimator because it relies on a nonlinear transformation between k and E [ Σ ]. Tarpy & Nielsen (2002) use simulations to show that this estimator can be quite biased, particularly at small sample sizes. It would be helpful therefore to devise an estimator of the effective number of types (mates or alleles) that is approximately unbiased.
Theory and Methods
The aim of this section is to find an approximate expression for the expectation of Equation 9 in order to devise an appropriate bias correction. To do this we will use the method of propagation of error. Expanding E [ K e 2 ] in a Taylor series about , we get the following second order approximation: To the degree that these approximations are accurate, the bias of the new estimator is O (1/ n 4 ) whereas the bias of K e 2 is O (1/ n 2 ). The variance of K e 3 is approximately 
, 
. 
; the variance of K e 3 is always lower than the variance of K e 2 . Clearly, under the assumptions made here, K e 3 is a better estimator of k e than K e 2 . For completeness, we can also find the approximate variance of the naïve estimator as (19) These approximations will, in general, be accurate if the denominators of the estimators (e.g. − 1 for K e2 ) are much larger than zero. When k ≥ n, this will not be true, particularly not for K e2 which is undefined when k 0 = n.
Simulations
To verify the results derived in the previous section, and to further examine the statistical properties of the proposed estimators, we performed Monte Carlo simulations similar to those by Tarpy & Nielsen (2002) by sampling from a multinomial distribution with parameters n, p 1 , p 2 , … , p k . Initially, we assumed p i = k −1 , i = 1, 2, … , k, corresponding to assuming equal allele frequencies or equal probability of paternity. 1000 iterations were performed for k = 5 and 20 each with n = 3 -50. For each iteration, we estimated the number of types (k) using K mle , K cov , and K m , as well as the effective number of types (k e ) by K e1 , K e2 and K e3 . The mean and variance of an estimator in the 1000 replicates were recorded for each estimator. When p i = k −1 (i = 1, 2, … , k), then k equals k e . Otherwise, the expected effective number of types will be less than the actual number of types. To determine the effect of unequal values of p i on estimates of k and k e , we modified the above simulations to allow unequal values of the p i 's. We used three different simulation schemes, designated by 'low skew', 'moderate skew', or 'high skew'. The three distributions were designed to mimic empirically observed distributions of paternity numbers from the social insects literature (see Tarpy & Nielsen 2002) . Each of these distributions are shown for k = 5 in Fig. 1 .
Results
Figure 2 illustrates how sample size affects the various estimators of k when p i = 1/k, i = 1, 2, … , k. At low sample sizes, the average estimates tend to be higher than the true value, but all rapidly approach the true value as sample size increases. Moreover, the average estimates produced by all three statistics are very similar to each other, with K mle tending to give slightly higher estimates than K cov , and K m tending to give slightly lower estimates than K cov . Regardless, each of these estimators is far less biased than the observed number of types in the sample (k 0 ), particularly at high values of k.
The different estimators of k also have similar variances, and the mean square error (MSE) is therefore also similar 
n n n k n n Fig. 1 The rank ordered distributions of p i for differing levels of skew Error bars are provided for moderate and high skew plots because the distributions were generated using simulations to mimic the variability observed among real data sets.
for the three estimators (Fig. 2) . However, the variance of K m is slightly smaller than the variance of K cov , which again tends to be slightly smaller than the variance of K mle . Consequently, K m has the lowest MSE for most parameter values. Figure 3 compares the various estimators of k e as a function of k and n. K e1 is strongly biased towards smaller values and its expectation converges very slowly to the true value. Both K e2 and K e3 are far less biased and converge much faster. K e3 , in particular, tends to converge faster than both K e1 and K e2 . K e1 has a very low variance (not shown) but it has, nonetheless, a very large MSE because of the strong bias.
The variance of K e3 is consistently lower than the variance of K e2 . As expected from the analytical results, K e3 dominates K e2 as an estimator of k e because it is less biased and has a lower variance, except when n is very small. The Mean Squared Error (MSE) of K e3 is lower than the MSE of any of the two other estimators for any value of k explored, except when n is very small. For very small values of n, K e2 may have a lower MSE than K e3 .
The approximate variances (Equations 15, 18 and 19) tend to be quite accurate for values of n > k, but are not reliable when k < n (not shown). It might also be worth noting that when p i = 1/k (i = 1, 2, … , k), K e3 has a much smaller MSE than either K cov , K m or K mle . So if equal contribution of all types is expected, then K e3 is the preferred estimator of k as well as k e .
The effect of unequal type probabilities (skew) has a significant influence on the estimators of k (Fig. 4) . With a strong skew, all estimators tend to be considerably biased towards smaller values. Thus the more the number of types is skewed, the more that the value of k is underestimated.
The variances of the estimators of k are all similarly affected by skew resulting in similar MSEs for all estimators in the presence of a strong skew (Fig. 4) . At low sample sizes, the variance is reduced in the presence of a Fig. 2 Effect of n and k on the expected estimate and mean squared error (MSE) of k. p i = 1/k, i = 1, 2, … , k was assumed. skew because of the bias in the estimate towards smaller values. However, for high values of n, a skew increases the variance in the estimate of k. In general, the MSE for K m tends to be lower than the MSE for any of the other estimators, but in the presence of a strong skew the performance of the three estimators is almost identical.
The estimators of k e are less influenced by unequal type probabilities (Fig. 5) . They all seem to perform relatively well, with K e3 converging faster to the true value than K e2 , which again converges faster to the true value than K e1 . However, for a strong skew, the bias of K e2 is of a similar magnitude as the bias of K e1 . Note that the Fig. 4 Effect of a skew in the distribution of the type probabilities on the expected estimates and mean squared error (MSE) of k for k = 5. expected values are lower because of the skew; that is, k e < k because of unequal frequencies of the different types. None of the estimators seem to be significantly more robust to violations of the model assumption of equal type probabilities than other of the estimators. In fact, in the presence of a high skew, all the estimators have very similar MSEs, except K e2 which still has a relatively large MSE when n ≈ k.
Discussion
Our results demonstrate that the three estimators of k that we compare provide very similar estimates of the number of types in a population. K m has a slightly smaller MSE than the other estimators and might be preferred on this basis when the assumption of p i = 1/k, i = 1, 2, … , k, may not hold. Otherwise, K e3 should be used as an estimator of k because of its lower MSE in this special case.
On the contrary, the estimators of effective paternity frequency have very different statistical properties. K e3 performs in general better than any of the other estimators of k e . However, when n < k, K e1 and K e2 may perform better than K e3 depending on the assumptions regarding the true distribution of type probabilities. In the presence of a strong skew in the type probabilities, all the examined estimators have similar MSEs. For real data analysis one should use K e3 for all estimates of k e , except possibly when k 0 ≈ n, in which case none of the estimators provide very reliable estimates.
For many populations of social insects, the important distinction in paternity frequency is between one and two mates (Pedersen & Boomsma 1999; Strassmann 2001 ). In such instances, the proposed correction to the sample statistic would provide only a minimal benefit to estimates of effective paternity. However, in cases where: (a) small worker sample sizes are used; or (b) when more extreme mating frequencies occur, the correction may help provide estimates that are significantly more accurate. A more precise estimate of paternity within insect societies will enable researchers to better test many theoretical concepts and improve our understanding of social insect biology.
The effective number of alleles has been used as a measure of genetic variability (e.g. Zouros 1979 ). Previous estimators have been biased, resulting in underestimation of the effective number of alleles in small samples. It is clearly desirable that measures of genetic variability are not too sensitive to the sample size. The new estimator (K e3 ) is very close to being unbiased, even at relatively small sample sizes, and should therefore, be of use in population genetic studies in which genetic variability is summarized in terms of the effective number of alleles.
